Introduction
developed an approximation for the inductive response of conducting magnetic (permeable) spheroids (e.g., steel spheroids) based on the inductive response of conducting magnetic spheres of related dimensions. Spheroids are axially symmetric objects with elliptical cross-sections along the axis of symmetry and circular cross sections perpendicular to the axis of symmetry.S pheroids are useful as an approximation to the shapes of unexploded ordnance (UXO) for approximating their responses. Ellipsoids are more general objects with three orthogonal principal axes, with elliptical cross sections along planes normal to the axes. Ellipsoids reduce to spheroids in the limiting case of ellipsoids with cross-sections that are in fact circles along planes normal to one axis. Parametrizing the inductive response of unknown objects in terms of the response of an ellipsoid is useful as it allows fitting responses of objects with no axis of symmetry,i na ddition to fitting the responses of axially symmetric objects. It is thus more appropriate for fitting the responses of metal scrap to be distinguished electromagnetically from unexploded ordnance. Here the method of Smith and Morrison (2006) is generalized to the case of conductive magnetic ellipsoids, and a simplified form used to parametrize the inductive response of isolated objects. The simplified form is developed for the case of non-uniform source fields, for the first eight terms in an ellipsoidal harmonic decomposition of the source fields, allowing limited corrections for source field geometry beyond the common assumption of uniform source fields.
Ellipsoidal Coordinates
The equation for an ellipsoid with semi-axes a', b', and c' in thex,ŷ andẑ directions is 
The equation for ellipsoidal coordinates ξ 1 , ξ 2 ,and ξ 3 is
with b < a by convention (Morse and Feshbach, 1957, or Hobson, 1931 , with roles of x and z interchanged). Equation (2) is a cubic equation in ξ 2 when x, y,a nd z are held fixed, so has three solutions ξ 2 .T he three coordinates ξ 1 , ξ 2 ,a nd ξ 3 are such that
Solutions in x, y,and z of Equation (2), for ξ > a held fixed, define surfaces of constant ξ 1 which are confocal ellipsoids with short axis in thex direction and long axis in theẑ direction. That is, theyg iv e solutions of Equation (1) defines (hyperboloid) surfaces which are orthogonal to each other and to the ellipsoids of constant ξ 1 .C oordinate ξ 2 has twobranches joined at ξ 2 = a,and ξ 3 twojoined at ξ 3 = b (Hobson, 1931 ). An ellipsoidal coordinate system is determined by the choice of principal ellipsoid axesx,ŷ,a ndẑ,a nd parameters a and b.C oordinates x, y,a nd z are given
where s µ =± 1=sign(x)according to the branch of ξ 2 , s ν =± 1=sign(y)according to the branch of ξ 3 ,and sign(ξ 1 ) = sign(z).
Ellipsoidal coordinates are useful in electromagnetic induction problems in ellipsoidal objects at frequencies (or times) at which currents in the medium containing the ellipsoid object can be neglected. At these frequencies (times) the magnetic field outside the object is curl free (as well as divergence free) so can be parametrized as the gradient of a potential satisfying Laplace'se quation. In ellipsoidal coordinates, solutions of Laplace'se quation are separable; theyc an be written in terms of products of functions 
Sphere Ellipsoid Response Approximation
Fora xially symmetric objects (e.g., a spheroids), axial and transverse (equivalent dipole) polarizability responses m ax (t)a nd m t (t)g iv e the strength, as a function of time (t), of magnetic dipole moments in axial and transverse directions, induced by uniform (primary) magnetic fields of unit nominal amplitude in those directions, with a specified time function of primary magnetic field variation (e.g., Smith and Morrison, 2004 + b′c′)/2, with the latter formula found empirically.T his approximation will be denoted a sphere-spheroid approximation.
Here we have written the approximation in terms of semi-diameters (radii) instead of diameters to be consistent with semi-axes used to characterize ellipsoids and ellipsoidal coordinates. Proportionality constants ν ax and ν t are ratios of differences of polarizabilities at high and lowfrequencylimits;
where the high and lowfrequencylimit polarizabilities are givenbySmith and Morrison 
where
where w stands for one of x, y,orz,and o eff stands for the corresponding choice among a eff , b eff ,a nd c eff .F or ellipsoids, the appropriate effective sphere dimensions are given by
where, as before, a′, b′,a nd c′ are the semi-axes of the ellipsoid. Effective sphere semidiameters (8) have been chosen to be consistent with those used for prolate and oblate spheroids, after allowing for the difference in symmetry axis between prolate and oblate spheroid treated as limiting cases of ellipsoids with a′≤b′≤c′.F ormula (7) for ν x , ν y and ν z requires the zero frequencya nd high frequencyl imit uniform source field polarizabilities for the ellipsoid in source fields oriented in thex,ŷ,a ndẑ directions respectively.T hese are derivedf rom solutions of Laplace'se quation in ellipsoidal coordinates for an external field that is the gradient of a potential varying in proportion to x, y,orz.
Ellipsoidal Harmonics and the Solution of Laplace'sEquation in Ellipsoidal Coordinates
As noted above,s olutions of Laplace'se quation in ellipsoidal coordinates can be expressed in terms of products of Lamè f unctions of ellipsoidal coordinates, ( 9) for external sources, and ( 10) for internal sources. Forms (9) and (10) are known as external and internal ellipsoidal harmonics. The zero frequencyl imit induction problem is solved using a term of each form outside the ellipsoid, and a single term of form (9) inside the ellipsoid, that is,
Letting ξ 1 = ξ 0 be the ξ 1 coordinate of the ellipsoid/exterior interface, the zero frequency limit problem is to match H ×n and B ⋅n at ξ 1 = ξ 0 ,wheren is the surface normal vector (in the ξ 1 direction). Of course B = µH = µ∇φ .L etting magnetic permeabilities be µ = µ 0 outside and µ = µ 1 inside the ellipsoid, this yields
where ′ denotes differentiation, µ r ≡ µ 1 /µ 0 ,and indices p and m have been elided.
The high frequencylimit induction problem is the same as the lowfrequencylimit problem with B ⋅n = 0s et at ξ 1 = ξ 0 .S olution of this case results in α 0 | ω = ∞ and β 0 | ω = ∞ obeying Equation (12) in the limit of µ r → 0, that is,
. ( 13) Equations (12) and (13) Morse and Feshbach (1957) , the first few E p m (ξ)are
Products of these form the first fewe xternal ellipsoidal harmonics, which can often be scaled to give simple multiples of coordinates x, y and z;
However, external harmonics based on E 
where α ′ x , α ′ y , α ′ z ,and α ′ c ,are givenbyformulas (17) with α ′ substituted for α and −d
.L am èfunctions of the second kind are more complicated;
The individual 
ASimplified Higher Order Sphere Ellipsoid Approximation
Forasingle external ellipsoidal harmonic source field, the solution on the inside of an ellipsoid has the same functional form as the source field, for both lowfrequencyand high frequencyl imit solutions, hence one is tempted to makeas imilar approximation to the sphere-spheroid approximation for higher order ellipsoidal harmonic sources.
Because of symmetry,n one of the higher order ellipsoidal harmonics induce anyn et dipole moment in an ellipsoid, so their effects first showu pi nt he induced quadrupole moments of the ellipsoid. In the case of the three linearly polarized source fields (H x , H y and H z ), the limiting ellipsoidal boundary value problems result in uniform magnetic dipole distributions in the direction of the inducing field throughout the ellipsoid, with net magnetic dipole density rates of
per unit nominal inducing field in thex,ŷ,a ndẑ directions respectively,a nd V = 4π a′b′c′/3 ist he volume of the ellipsoid. The computationally simplest approximation for the response to higher order ellipsoidal harmonic source fields, is that the ellipsoid response is proportional to the local magnetic field with the same proportionality factors ρ x , ρ y ,and ρ z as it is for the local magnetic fields in these directions for linearly polarized source fields. Under this assumption, because of symmetry, E klj ,a nd O be the rotation matrix from object principal coordinates to field coordinates then the anomalous fields at the receiverdue to the object can be written as (23) where 
Inversion for Ellipsoid Effective Semi-axes
The anomalous magnetic fields givenbyEquation (23) are linear in principal polarizabilities, granted that object center location, orientation (e.g., Euler angles), and effective semi-axis lengths a eff , b eff ,and c eff are known. Weinv ert for these parameters using ageneral non-linear optimization method (Smith, et al, 1994, Smith and Morrison, 2005) , at each step fitting the principal polarizabilities using linear methods. We minimize a robust loss function of the data residuals weighted inversely by their estimated errors, minimizing squared weighted residuals for absolute weighted residuals less than 1 and absolute weighted residuals for absolute weighted residuals greater than one (Huber weights, e.g., Huber,1981 ). (Figures 1 and 3) , as there, the twom inor polarizabilities match each other more closely.H owev er, the polarizability estimates made with ellipsoid quadrupole polarizabilities match each other better between upward and downward orientations (negative and positive dips) for both the 81mm UXO and the 155mm UXO, than do the polarizability estimates made without ellipsoid quadrupole polarizabilities, suggesting that it may be easier to recognize the corrected curves as being due to the same UXO, so may be preferable for UXO model identification.
Conclusion
The quadrupole polarizabilities we fit here were based on assuming point wise con- to approximate ellipsoid responses to yz, xz, xy, E 2 0 (ξ), and E 1 2 (ξ)gradients, may be more accurate than the ellipsoid quadrupole polarizabilities estimated using the assumption of point wise consistencyofinduced dipole moment densities which were described here. are written in terms of elliptic integrals amenable to evaluation using published algorithms (e.g., Bulirsch, 1965a Bulirsch, , 1965b Bulirsch, , 1969 . 
